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Abstract The following planar minimum disk cover problem is considered in this
paper: given a set D of n disks and a set P of m points in the Euclidean plane, where
each disk covers a subset of points in P, to compute a subset of disks with minimum
cardinality covering P. This problem is known to be NP-hard and an algorithm which
O(

1

log2 1 )

 )
approximates the optimal disk cover within a factor of (1 + ) in O(mn  2
time is proposed in this paper. This work presents the first polynomial time approximation scheme for the minimum disk cover problem where the best known algorithm
can approximate the optimal solution with a large constant factor. Further, several
variants of the minimum disk cover problem such as the incongruent disk cover problem and the weighted disk cover problem are considered and approximation schemes
are designed.

Keywords Minimum disk cover · Polynomial time approximation scheme ·
Wireless network · Minimum weight disk cover

1 Introduction
Let P be a set of n points in the plane. A disk D covers a point p ∈ P if the Euclidean
distance between the center of D and p is no greater than the radius of D. The
following minimum disk cover problem is considered in this paper: given a set D of n
disks and a set P of m points in the Euclidean plane, where each disk covers a subset
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of points in P, to compute a subset of disks with minimum cardinality covering all
the points in P.
The minimum disk cover problem is known to be NP-hard (Masuyama et al.
1981). The best approximation algorithm is due to (Bronnimann and Goodrich 1995),
where a constant factor approximation algorithm is proposed. The algorithm runs in
O(t 2 n log n log(n/t)) time where t denotes the cardinality of the optimal disk cover.
A recent work (Ambühl et al. 2006) considers a natural weighted extension of the
minimum disk cover problem, called minimum weight disk cover problem, where
each disk is weighted. A 72-approximation algorithm is proposed in Ambühl et al.
(2006).
In addition to its theoretical interest, minimum disk cover problem has important practical implications on wireless network design. In mobile ad hoc wireless
networks, each host is equipped with radio-frequency (RF) transceivers to provide
reliable transmission inside a circular range, represented by a disk, within some distance. Due to the high mobility of hosts, a host needs to frequently re-synchronize
with its neighbors which are the network nodes within its coverage. To avoid the
notorious broadcast storm problem (Ni et al. 1999) and save energy, it is highly desirable to reduce the transmission load. Treating each neighbor by a point in P as in
Calinescu et al. (2004), this asks to select minimum number of hosts in transmission
such that all network nodes can be covered/synchronized. This is the minimum disk
cover problem considered in this paper.
1.1 Related work
As mentioned before, the minimum disk cover problem is shown to be NP-hard in
Masuyama et al. (1981) and the best approximation algorithms are due to (Bronnimann and Goodrich 1995; Ambühl et al. 2006) where large constant factor approximation algorithms are proposed.
Despite limited advance in the minimum disk cover problem, a closely related unit
disk graph minimum dominating set problem has been much better studied. A unit
disk graph is defined as a graph such that one can realize all vertices as unit disks
in the plane and there is an edge between two vertices if and only if their corresponding disks intersect (Clark et al. 1990). Define a dominating set on a graph as a
vertex set where for any vertex, either the vertex itself or one of its adjacent vertices
is in the set. The unit disk graph minimum dominating set problem asks to compute a dominating set of minimum cardinality in a unit disk graph. It is known to
be NP-hard (Clark et al. 1990). A polynomial time approximation scheme (PTAS) is
given in Hunt et al. (1998) using the shifting strategy (Hochbaum and Maass 1985;
Baker 1994). Recently, a new PTAS on the same problem but without geometric representation is proposed in Nieberg et al. (2008). In Cheng et al. (2003), an interesting
variant of the unit disk graph minimum dominating set problem with the additional
requirement that the induced dominating set needs to be connected is considered and
a PTAS is proposed for the variant. Further work on this direction is to generalize the
problem to minimum weight connected dominating set problem. The work in Ambühl et al. (2006) presents a constant approximation to this problem and the work in
Huang et al. (2008) improves the approximation ratio to (10 + ) by a two-phase algorithm. Algorithms for computing minimum m-connected k-dominating set, which
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asks to pick m-connected vertices S from a graph such that each p ∈ P \S is adjacent
to at least k vertices in S, are given in Shang et al. (2007 2008).
The minimum disk cover problem can also be viewed as a generalization of the
minimum forwarding set problem in wireless ad hoc network design. In minimum
forward set problem, a source node, the set of its 1-hop nodes, and the set of its 2-hop
nodes are given, the problem asks to compute a subset of 1-hop nodes with minimum
cardinality to cover all 2-hop nodes. From theoretical point of view, it is a special
case of the minimum disk cover problem where all 2-hop nodes lie outside a disk
while all 1-hop nodes lie inside the disk (Calinescu et al. 2004). The complexity of
the minimum forwarding set problem is unknown and a 3-approximation O(n2 ) time
algorithm is proposed in Calinescu et al. (2004).
Finally, it is worth noting that there is a recent work on an optimal polynomialtime algorithm for the minimum disk cover problem (Sun et al. 2007). However, the
definition of their minimum disk cover problem is quite different from ours. Their
problem asks to choose a subset of the given disks such that the union of the chosen
disks is equal to the union of the given disks.
1.2 Summary of results
In this paper, the minimum disk cover problem is studied and an algorithm which
approximates the optimal disk cover within a factor of (1 + ) and runs in
O(

1

log2 1 )

 ) time is proposed, where n is the number of disks and m is the
O(mn  2
number of points. As extensions to our algorithm, approximation schemes for some
variants of the problem such as the minimum incongruent disk cover problem and
the minimum weight disk cover problem are designed. In particular, the latter admits
a quasi polynomial time approximation scheme, i.e., a (1 + )-approximation algo-

O(

1

log2 n)

rithm running in O(mn  2
) time, provided that the ratio between the largest
and the smallest disk weights is polynomially bounded in n.
Our algorithms are motivated from the local-neighborhood-based scheme proposed in Nieberg et al. (2008). Note that the work (Nieberg et al. 2008) considers
the unit disk graph minimum dominating set problem where disks can be arbitrarily
placed in the plane while in our case the disks can only be chosen from a given set.
This makes our algorithms quite different from the work (Nieberg et al. 2008).
1.3 Paper organization
The rest of the paper is organized as follows: Sect. 2 presents the problem formulations. Section 3 describes the polynomial time approximation schemes to our problems. A summary of work is given in Sect. 4.

2 Preliminaries
2.1 Notations and definitions
A set of n disks D and a set of m points P are given in the Euclidean plane. A disk D
covers a point p ∈ P if the Euclidean distance between the center of D and p is no
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greater than the radius of D. A set of points P is covered by a set of disks D if every
point p ∈ P is covered by at least one disk D ∈ D. Let | · | denote the cardinality of
a set. In the weighted version of the minimum disk cover problem, each disk D ∈ D
is also associated with a positive real number as its weight, denoted
 by w(D). Let
w(D) denote the weight of a set of disks D, which is equal to D∈D w(D). Let
d(·, ·) denote the Euclidean distance function.
An algorithm is said to approximate a minimization problem within a factor ρ if
the algorithm is guaranteed to produce a solution whose objective function value is
at most ρ times the optimal solution. A polynomial time approximation scheme, or
PTAS in short, for a minimization problem is an algorithm which approximates the
optimal solution within a factor of (1 + ) for any  > 0 running in time polynomial
in the input size n. A quasi polynomial time approximation scheme, or QPTAS in
short, for a minimization problem is an algorithm which approximates the optimal
solution within a factor of (1 + ) for any  > 0 running in time O(npolylog(n) ) in the
input size n. A problem admitting a QPTAS strongly indicates that it has a PTAS,
since the problem is not APX-hard unless NP ⊆ DTIME[npolylog(n) ].
2.2 Problem formulation
We begin with formulating the minimum congruent disk cover problem.
Minimum congruent disk cover problem: Given a set of congruent disks D of a
constant radius r, a set P of points of integer coordinates in the Euclidean plane, to
compute a subset of D of the minimum cardinality covering P.
This problem has been shown to be NP-hard (Masuyama et al. 1981; Johnson
1982) even when the radius r is a constant (e.g., 2 as in Masuyama et al. (1981)) by
reduction from planar 3SAT problem. This problem is also closely related to the geometric connected dominating set problem (Johnson 1982; Garey and Johnson 1979).
In our minimum congruent disk cover problem, disks in D are assumed to be congruent with the constant radius r. However, our algorithm can be easily generalized
to handle incongruent disks as long as the maximum radius is still bounded by a
constant.
Minimum incongruent disk cover problem: Given a set of disks D whose maximum radius is bounded above by a constant, a set P of integer coordinate points in the
Euclidean plane, to compute a subset of D of the minimum cardinality covering P.
Our algorithm is applied to the following density constrained minimum wireless
communication cover problem, where a density constraint says that there are at most
k points in any unit area in the plane. This is a practical constraint as the density in
a wireless communication network must be limited by an upper bound for quality of
service. Note that this problem does not require each point to have integer coordinates.
Density constrained minimum wireless communication cover problem: Given a
set of disks D, a set of points P and the density constraint in the Euclidean plane, to
compute a subset of D of the minimum cardinality covering P.
The weighted version of the minimum disk cover problem is also considered,
where each disk is associated with a positive real number as its weight. The problem asks to compute a disk of minimum weight to cover all the points where the
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weight of a set of disks is defined as the sum of weights in the disks. It is certainly
NP-hard since it contains the minimum disk cover problem as a special case (with all
disks having equal weight).
Minimum weight disk cover problem: Given a set of disks D of constantly bounded
radii and each disk is associated with a weight, a set P of integer coordinate points
in the Euclidean plane, to compute a subset of D of the minimum total weight covering P.
Finally, a practical wireless communication quality problem is considered. The
signal quality received at a network node p ∈ P is inversely proportional to its distance to the transceiver on the host which is the center of the disk covering p. Thus,
optimizing signal quality can be roughly treated as minimizing node-to-center distances.
Given a pair of disk D and a point p such that D covers p, the communication weight cw(D, p) is defined as d(cD , p), where cD is the center of D. Given
a set of disks D and the points P covered by them, the total communication
weight
is computed as the sum of communication weights on all the points, i.e.,


D∈D
p:d(p,cD )≤rD cw(cD , p) where rD refers to the radius of the disk D. Note
that p may be counted with different weights for multiple times given a disk cover.
Minimum communication weight disk cover problem: Given a set of disks D of
constantly bounded radii and each disk is associated with a weight, a set P of integer
coordinate points in the Euclidean plane, to compute a subset of D of the minimum
total communication weight covering P.

3 The algorithms
Our algorithm is motivated from the local-neighborhood-based scheme proposed in
Nieberg et al. (2008). Note that the work (Nieberg et al. 2008) considers the problem
where the centers of disks can be arbitrarily chosen in the plane while in our case the
disks can only be chosen from a given set. At a high level, our algorithm partitions
the point set P and their disk covers into a few disjoint subsets such that (1 + )
approximation on each subset can be computed efficiently. The difficulty lies in minimizing the interaction between disjoint sets, i.e., a disk covering part of one disjoint
set needs to have minimal impact on the other disjoint sets. This difficulty is tackled
by gradually expanding a subset of points until a good disk cover on them, which is
slightly (i.e., 1 + ) larger than the optimal disk cover, can be efficiently computed.
After that, the subset of points will be marked and the above process is repeated for
computing the second, third, . . . subsets until all the points are marked. Refer to Fig. 1
for a brief illustration. The details of the algorithm are elaborated as follows.
3.1 The main algorithm
Before describing the algorithms, the notations involved in the algorithm are summarized for clarity.
• n: the number of disks in D
• m: the number of points in P
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Fig. 1 A brief illustration for
our algorithm. It proceeds as
partitioning P into disjoint sets
such that a (1 + )
approximation on each disjoint
set can be computed efficiently.
By our construction, each set
can have at most O( 12 log2 1 )

points, 
and
cov,i
cov,j
P
P
= ∅, ∀i = j . In
addition, the minimum distance
between the points in any two
cores P core,i and P core,j ,
∀i = j , is at least 2r. Thus, the
minimum
 core,idisk cover on
forms a lower bound
iP
on the minimum disk cover on
P. Note that P core,i and P cov,i
denote sets of points and their
boundaries shown here are only
for illustration purpose

• Dp,i : a disk with p as the center and radius of γ = 2ri, ∀i, where r is the radius of
the given disk
• Pi : the points located within Dp,i
• Dicov : the minimum disk cover on Pi
• P cov,j : Pi on the j -th disjoint subset of P if the disk growing on these points stops
at i-th iteration
• Dcov,j : Dicov on P cov,j if disk growing stops at i-th iteration
cov on P cov,j if disk growing stops at i-th iteration
• Dcore,j : Di−1
core,j
• P
: Pi−1 on P cov,j if disk growing stops at i-th iteration
We begin with describing how to form a disjoint subset from P for the minimum
congruent disk cover problem. For this, arbitrarily pick a point p ∈ P. Let P0 = {p}.
The minimum number of the disks covering p is 1. Arbitrarily pick a disk covering
P0 and denote it by D0cov . Clearly, |D0cov | = 1.
A disk, denoted by Dp,1 , is built with p as the center and radius of γ = 2ri, i = 1,
where r is the radius of the congruent disks. It is clear that no disk outside Dp,1 can
cover p and no disk covering p can cover any point outside Dp,1 . Denote by P1 all
the points within Dp,1 . In our minimum congruent disk cover problem, all points in
P are assumed to have integer coordinates. This is of interest due to its practicality in
certain wireless network design where hosts may be required to locate on grid points
in a uniform lattice. The algorithm on this restricted problem is also the base for
the more general problems as described in Sect. 3.2. At most πγ 2 = 4πr 2 points
may lie inside Dp,1 , i.e., |P1 | ≤ 4πr 2 . One then computes the minimum number of
disks in D covering P1 . As a result, at most 4πr 2 disks are needed to cover these
points. Thus, the minimum disk cover on P1 (which are the points within Dp,1 ),

J Comb Optim
Fig. 2 Growing the disk from
Dp,i−1 to Dp,i

denoted by D1cov , can be computed in O(nπγ ) = O(n4πr ) time by enumeration
and |D1cov | ≤ 4πr 2 .
When |D1cov | > (1 + )|D0cov |, the radius of Dp,1 is enlarged to γ = 2ri, i = 2
and denote the new disk by Dp,2 . Denote by P2 all the points within Dp,2 . At most
πγ 2 = 16πr 2 points may lie inside Dp , i.e., |P2 | ≤ 16πr 2 . The minimum disk
2
2
cover on P2 , denoted by D2cov , can be computed in O(nπγ ) = O(n16πr ) time by
enumeration and |D2cov | ≤ 16πr 2 .
When |D2cov | > (1 + )|D1cov |, the radius of Dp is enlarged to γ = 2ri, i = 3.
At most πγ 2 = 36πr 2 points may be inside Dp and thus |P3 | ≤ 36πr 2 . The
2
minimum disk cover, denoted by D3cov , on them can be computed in O(nπγ ) =
2
O(n36πr ) time and |D3cov | ≤ 36πr 2 . Set γ = 2ri, i = 4 if |D3cov | > (1 + )|D2cov |.
Refer to Fig. 2. In general, one can see that for any γ = 2ri, the minimum disk
cover Dicov with radius γ covering all points within Dp,i , denoted by Pi , can be
2
computed in O(nπγ ) time and |Dicov | ≤ πγ 2 . This process is repeated until
cov
cov
|Di | ≤ (1 + )|Di−1 | for some i. This is called stopping criterion.
At that moment, stop growing Dp and set Dcov,1 = Dicov , P cov,1 = Pi , Dcore,1 =
cov
Di−1 , and P core,1 = Pi−1 . We call P core,· a core. Clearly, all the points in Pi−1 cannot
be covered by any other disk with center outside Dp,i since the minimum distance in
cov (which covers P
between is at least 2r. Similarly, no disks in Di−1
i−1 ) can cover any
cov
core | guarantees that D cov,1 =
1
other point outside Dp,i . Further, |Di | ≤ (1 + )|Di−1
2

2

1 Note that they are in general not true when disk growing is restricted in some directions later in the

algorithm. However, our algorithm only needs that no disk can cover points in different cores, which is the
case since the distance between any points in different cores is at least 2r.
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Dicov only introduces small number (i.e., with the factor of (1 + )) of additional disks
over the optimal disk cover for P cov,1 .
The above process is terminated in at most i ≤ min{n, m} iterations. According
to the stopping criterion, for the algorithm not stopping at the i-th iteration, at least
one additional disk needs to be introduced at the i-th iteration, which also means that
at least one additional point is introduced compared to the (i − 1)-th iteration. Thus,
i ≤ min{n, m}.
Actually, as in Nieberg et al. (2008), one can give a much better bound on i
which is O(max{r 2 , 1 log 1 }). This is due to the fact that |Djcov |, j = 1, 2, . . . , i − 1
needs to be geometrically larger and |Dicov | > (1 + )i by noting that |D0cov | = 1.
However, there are at most πγ 2 = π(2ri)2 points up to i-th iteration which
gives an upper bound on the number of used disks |Dicov |. As stated in Lemma 1,
π(2ri)2 ≥ |Dicov | > (1 + )i will soon become invalid. Thus, the runtime for com
2 2
O ( 1 log2 1 )
puting Dcov,1 is bounded by O( i nO(4πr i ) ) = O(n  2
) by noting that r is
a constant.
Lemma 1 For any integers i > 0 and r > 0 and any real number  > 0, 4πr 2 i 2 >
(1 + )i is valid for i up to O(max{r 2 , 1 log 1 }).
Proof When  ≥ 1, for any i > max{4πr 2 , 15}, 4πr 2 i 2 < (1 + )i since
4πr 2 i 2 < i 3 < 2i when i ≥ 15.
1
2 2 < i 3 . It is then
When 0 <  < 1, for any i > max{4πr 2 , 18
 log  }, 4πr i
i
3
sufficient to show that (1 + ) > i , which can be seen from the following. When
1
i = 18
 log  ,
18

(1 + )i = (1 + ) 

log 1

1 18

> 2log(  ) =

 18
1
.


(1)

1 3
Note that ( 1 )18 > ( 18
 log  ) since

 18 

1
1 3
18
log
>



 6
1
1
18
log
⇐⇒
>



 5
 18
1
1
⇐⇒
> log


15

which is the case since 2  >
1
any i > 18
 log  .

1 18


for

1


(2)
(3)
(4)

> 1. It is easy to see that the above is true for


Initially, none of the points in P are marked. After computing Dcov,1 , mark all the
points in P cov,1 and disallow any future partition to include them. The purpose is to
separate P cov,1 from P. In particular, it is to ensure no interaction between the core
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Fig. 3 Growing the disks for
P core,2 , P cov,2 given the disks
for P core,1 , P cov,1

P core,1 and any future core P core,i , ∀i = 1, i.e., no disk can simultaneously cover the
points in any two cores. Subsequently, arbitrarily pick a new point p ∈ P\P cov,1 to
repeat the above procedure where the only difference is that P cov,2 can only take
unmarked points. That is, when an enlarged disk Dp,i touches a marked point, its
disk will not grow in that direction (and the touched point will not be included). Note
that Dicov may still use some disks which cover marked points. However, no disk can
cover points in different cores since the distance between any points in different cores
is greater than 2r due to our construction. Refer to Fig. 3 for an example where the
disks for the second core is constructed given the nearby disks for the first core. It
is also clear that |Pi | is still bounded above by πγ 2 = π(2ri)2 . Thus, Lemma 1
O(

1

log2 1 )

 ). This
still holds and the runtime for computing Dcov,2 is bounded by O(n  2
process is iterated until all the points
 are marked. Refer to Fig. 1 for a brief illustration
of this process. The disk cover i Dcov,i covers every point and is returned as the
solution. Each time, at least one point will be removed and this process is iterated up

O(

1

log2 1 )

 ).
to |P| = m times. Thus, the total runtime is bounded by O(mn  2
The approximationratio of the above
algorithm
can
be
bounded
as
follows. The

minimum disk cover i Dcore,i on i P core,i forms a lower bound for the minimum
disk cover on P since no disk can simultaneously cover points in different cores.

Observation 2 Let P core,· be as defined above. P core,i ∩ P core,j = ∅, ∀i = j .
Together with the fact that Dcore,i is an optimal cover on P core,i , a lower bound on
the optimal solution is obtained as the union of the optimal disk cover on all cores.
That is,




core,i 

(5)
|OPT| ≥  D
,
i

where
OPT denotes the optimal disk cover on P. Our solution, denoted by ALG, is
 cov,i
which is a (1 + ) approximation on OPT. This is true since
iD
|Dcov,i | < (1 + )|Dcore,i |, ∀i

(6)
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and



 cov,i 
 < (1 + )

|ALG| =  D

i

|D

core,i



 core,i 
.

| = (1 + ) D


i

(7)

i

Thus, |ALG| < (1 + )|OPT|. We reach the main theorem of this paper.
Theorem 3 The minimum congruent disk cover can be approximated within a factor
O(

1

log2 1 )

 ) time for any  > 0, where n is the number of disks
of (1 + ) in O(mn  2
and m is the number of points.

3.2 Extensions
The above algorithm can be immediately generalized to the case of incongruent disks
where the maximum radius of all disks in D is assumed to be bounded by a constant
rmax . The algorithm works the same as above except that each time the radius of the
disk Dp,i is set to γ = 2rmax i in contrast to γ = 2ri in the congruent disk case. We
reach the following theorem.
Theorem 4 The minimum incongruent disk cover can be approximated within a facO(

1

log2 1 )

tor of (1 + ) in O(mn  2
and m is the number of points.

) time for any  > 0, where n is the number of disks

Our algorithm can be directly applied to a practical problem of computing the
density constrained minimum wireless communication cover, where the disk radius
is bounded above by a constant and the density, i.e., the maximum number of points
in any unit square, is bounded above by a constant k. The only impact to the above
algorithm is that in disk Dp,i , previously there are at most πγ 2 = 4πr 2 i 2 points
while there are 4πr 2 i 2 /k points now even if the points are not restricted to have
integer-valued coordinates. However, this will not impact the time complexity since
one still has O(i 2 ) points by noting that k is a constant. Theorem 5 is immediate.
Theorem 5 The density constrained minimum wireless communication cover can be
O(

1

log2 1 )

 ) time for any  > 0,
approximated within a factor of (1 + ) in O(mn  2
where n is the number of disks and m is the number of points.

The algorithm can also be extended to handle the weighted version of the minimum disk cover problem. In the new problem, each disk in D ∈ D is assigned a
weight and the problem asks to compute a set of disks with the minimum total weight
covering P.
Denote by w the smallest disk weight and by w the largest disk weight in all disks.
Recall that w(·) denote the weight of a set of disks. The algorithm proceeds as before
by arbitrarily picking a point and growing the disk centered at it. When growing a
disk Dp,i centered at p, one still has at most 4πr 2 i 2 points in Dp,i and needs
2 2
O(n4πr i ) to compute the minimum weight disk cover by enumeration. Note that
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the weight of any such disk is bounded by 4πr 2 i 2 w which is the largest possible
weights on the points. For any point p, denote by Dmin (p) the smallest weight disk
covering p, thus w(Dmin (p)) ≥ w. The only modification in the algorithm is the
cov | to
stopping criterion for disk growing. It is changed from |Dicov | ≤ (1 + )|Di−1
cov
cov
w(Di ) ≤ (1 + )w(Di−1 ).
As before, not stopping at i-th iteration implies that w(Dicov ) > (1 + )i ×
w(Dmin (p)) due to the fact that w(Djcov ), j = 1, 2, . . . , i − 1 is geometrically larger.
Since there are at most π(2ri)2 points up to i-th iteration, w(Dicov ) ≤ |Dicov |w ≤
4πr 2 i 2 w. Together with (1 + )i w(Dmin (p)) ≥ (1 + )i w, one only needs to bound
the largest i for 4πr 2 i 2 w > (1 + )i w to be valid. If the ratio w
w is bounded by a
constant, it is easy to see that i = O( 1 log 1 ) by an analysis similar to Lemma 1.
w
O (1) ) one can still obtain a quasi
Assuming that w
w is polynomial in n, i.e., w = O(n
polynomial time approximation scheme.
Lemma 6 For any positive integers i ≤ n and r, and any positive real numbers ,
O (1) ), 4πr 2 i 2 w > (1 + )i w is valid for i up to
w, and w such that w
w = O(n
O(max{r 2 , 1 log n}).
Proof Without loss of generality, assume

w
w

≤ nc for some constant c. When  ≥ 1,

for any i > max{4πr 2 , (c + 3) log n}, 4πr 2 i 2 nc < (1 + )i since 4πr 2 i 2 nc <
c+3
i 3 nc ≤ n3 nc = 2log n since i ≤ n.
2 2 c
3 c
c+3 .
When 0 <  < 1, for any i > max{4πr 2 , c+3
 log n}, 4πr i n < i n ≤ n
c+3
One can see that nc+3 < (1 + )i when i >  log n since
(1 + )i > (1 + )

c+3


log n

c+3

> 2log n

= nc+3 .

(8)


1

2 2
log2 n
According to Lemma 6, growing a disk takes O( i nO(4πr i ) ) = O(n  2
)
time. After that, mark all the points involved. Since each time at least one point is

O(

1

log2 n)

marked, the total runtime is bounded by O(mn  2
). The algorithm follows
the one in Sect. 3.1except for disk growing which has been described as above. At
last, the disk cover i Dcov,i covers every point and is returned as the solution. Each
time, at least one point will be removed and this process is iterated up to |P| = m
O(

1

log2 1 )

 ).
times. Thus, the total runtime is bounded by O(mn  2
The
approximationratio can be bounded as follows. The minimum weighted disk
cover i Dcore,i on i P core,i forms a lower bound for the minimum disk cover
on P since no disk can simultaneously cover points in different cores. In addition, Observation 2 is still valid. Together with the fact that Dcore,i is an optimal
cover on P core,i , a lower bound on the optimal solution is obtained
as the union

of the optimal disk cover onall cores. That is, w(OPT) ≥ w( i Dcore,i ). Our solution, denoted by ALG, is i Dcov,i which is a (1 + ) approximation
 on OPT.
This is 
true since w(Dcov,i ) < (1 +)w(Dcore,i ), ∀i and w(ALG) = w( i Dcov,i ) <
(1 + ) i w(Dcore,i ) = (1 + )w( i Dcore,i ). Thus, w(ALG) < (1 + )w(OPT). As
before, the algorithm can be generalized to the case of incongruent disks as long as
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the maximum radius of all disks in D is bounded by a constant rmax . The algorithm
works the same as the congruent disk case except that each time the radius of the disk
Dp,i is set to γ = 2rmax i in contrast to γ = 2ri in the congruent disk case. We reach
the following theorem.
Theorem 7 The minimum weighted disk cover can be approximated within a factor
O(

1

log2 n)

of (1 + ) in O(mn  2
) time for any  > 0 when the ratio of the largest to
smallest disk weight is polynomially bounded by n, where n is the number of disks
and m is the number of points. In particular, if the ratio is bounded by a constant, the
algorithm runs in O(mn

O(

1
2

log2 1 )

) time.

An application of Theorem 7 is to handle a practical minimum communication
weight disk cover problem. Since the signal quality received at a network node p ∈ P
is inversely proportional to its distance to the transceiver on the host which is the
center of the disk covering p. Optimizing signal quality can be roughly treated as
minimizing node-to-center distances. As such, for any point p covered by a disk D,
the communication weight of p is defined as d(cD , p), where cD is the center of
D. This is different from the minimum weight disk cover problem since the weight
is defined on points but not disks. The minimum communication weight disk cover
problem asks to compute a disk cover such that each point in P is covered and the
total communication weight, defined as the sum of communication weights on all the
points, is minimized. Although a point may be counted with different weights for
multiple times in a disk cover, one can see that minimizing the total communication
weight implies minimizing, to some degree, the number of disks in the cover.
The communication weights on points are first transformed to the weights on
disks. Define the weight
of a disk to be the sum of the weights of all points it cov
ers, i.e., w(D) = p:d(p,CD )≤r d(p, cD ). Since every disk radius is a constant and
every point has integer coordinates, a disk can cover at most 4πr 2 i 2 points. The
2 2
minimum weighted disk cover on them can still be found in O(n4πr i ) time since
our algorithm performs enumeration. As before, one needs to bound the largest i for
w(Dicov ) > (1 + )i w(Dmin (p)) to be valid. The minimum weight w ≥ 0 and the
largest weight w ≤ πr 2 r by noting that r is the disk radius. The observation is
that when w(D0cov ) = w(Dmin (p)) = 0, if the minimum weight cover for D1cov also
has zero weight, the disk growing stops since w(D1cov ) ≤ (1 + )w(D0cov ). Otherwise, w(D1cov ) ≥ 1. Subsequently, disk growing requires w(Dicov ) > (1 + )i−1 · 1.
On the other hand, the largest weight for any disk is always bounded by w = πr 2 r.
Thus, disk growing implies 4πr 2 i 2 πr 2 r > (1 + )i−1 which is valid for i up
to O( 1 log 1 ) as can be easily seen by an analysis similar to Lemma 1. We reach
Theorem 8.
Theorem 8 The minimum communication weight disk cover can be approximated
O(

1

log2 1 )

 ) time for any  > 0, where n is the
within a factor of (1 + ) in O(mn  2
number of disks and m is the number of points.
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4 Conclusion
This paper studies the planar minimum disk cover problem and proposes an algorithm
yielding a polynomial time approximation scheme. The new algorithm approximates
O(

1

log2 1 )

 ) time.
the optimal disk cover within a factor of (1 + ) and runs in O(mn  2
This work presents the first polynomial time approximation scheme for the minimum
disk cover problem where the best known algorithm can approximate the optimal
solution with a large constant factor. Our algorithm is also extended to handle incongruent disks. Further, it can be directly applied to the density constrained minimum wireless communication cover problem. A natural generalization is to consider
a weighted version of the minimum disk cover problem. For this, our algorithm can
be extended to approximate the minimum weight disk cover within a factor of (1 + )

in O(mn

O(

1
2

log2 n)

) time provided that the ratio between the largest and smallest disk
O(

1

log2 1 )

 ) when the
weights is polynomially bounded. The runtime becomes O(mn  2
ratio is constantly bounded. This quasi polynomial time approximation algorithm for
the minimum weight disk cover problem indicates the existence of a polynomial time
approximation algorithm unless NP ⊆ DTIME[npolylog(n) ]. An interesting future work
would be to design such an algorithm.
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