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Abstract

A new optimal two stages decoding algorithm for
linear block codes is presented. At first stage, the
minimum sufficient test set S is estimated. With the
minimum sufficient test set, decoding complexity can
be greatly reduced while maintaining the optimal per-
formance. At the second stage, ordered processing is
performed over the estimated minimum sufficient test
set S to find the optimal solution. Ordered processing
helps to find the optimal solution quickly and in the
meanwhile enables complexity-reduced sub-optimal so-
lution with bounded block error rate. Simulation result
shows that this algorithm achieves the optimal perfor-
mance with low average computational complexity.

1 Introduction

During the past decades, various algorithms [2]-[11]
have been proposed to address the optimal decoding
problem for linear block codes. This problem has been
proven to be NP-hard [1] and its complexity grows
exponentially with increase in the code length. All
these proposed algorithms attempt to achieve opti-
mal or near-optimal performance with high to mod-
erate complexity. Generally, these algorithms can be
classified into three main categories. The first group
[2, 3, 4] solve this problem through usage of an alge-
braic decoder with list decoding. The decision on the
list of test codes is based on maximizing the probabil-
ity of the optimal codeword included within the set of
output codewords. Also its size determines decoding
complexity and is heavily connected to the achieve-
able performance. Realizing that the optimal decod-
ing problem can be viewed as finding the shortest path
in a graph, the second category of algorithms [7, 8, 9]
first convert this to a graph problem and then solve
it with existing graph-searching algorithms to obtain
optimal or near-optimal performance.

Based on ordered statistics of the received data, the
third set of algorithms [5, 6] eliminates the need of al-
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gebraic decoder while achieving near optimum decod-
ing performance. Ordered statistics decoding (OSD)
was first introduced in [5] and the improved version of
this algorithm presented in [6] utilizing iterative repro-
cessing to further decrease complexity. Since decoding
complexity of ordered processing grows exponentially
with the order, ordered statistics suffers from high de-
coding complexity when higher order processing is re-
quired to achieve acceptable performance. Besides its
complexity depends on the information length and for
codewords with large information length, its decoding
can be very complex.

An optimal decoding algorithm was introduced in
[10] with a strong optimality testing criterion and the
decoding of this algorithm is dynamically updated to
converge to the optimal solution. The optimality test-
ing criterion helps to stop decoding and hence reduces
the complexity whenever the optimal solution is found.
However, the convergence speed can be slow and the
decoding complexity increases quickly. In [11] a si-
miliar algorithm is proposed to reduce the decoding
complexity further.

Similiar to [10], our proposed algorithm fully uti-
lizes the strong optimality test criterion with a new
two-stage processing scheme to improve the conver-
gence speed. The first stage of processing estimates
a minimum sufficient set for optimal decoding. This
minimum sufficient set is usually fairly small compared
to the list required by the first group of algorithms.
Then in the second stage, ordered processing is per-
formed on the confined minimum sufficient set to re-
sult in a fast and bounded error performance decoding.
Also the strong optimality test criterion helps to stop
decoding whenenver the optimal codeword is found.

The rest of this paper is organized as follows. The
preliminary results related to the optimal decoding
and basic properties of linear block codes are given
in secion 2. Section 3 is dedicated to detail descrip-
tion and analysis of the proposed two-stage processing
algorithm. Simulation results are presented in section



4 and final remarks conclude the paper in section 5.
2 Preliminaries

2.1 System Model

Suppose C(n,k,d,t) is the binary error correction
code used in the system, where n, k,d,t denote the
code length, information length, minimum Hamming
distance and error correction capability of the code
respectively. The encoded bits are mapping of f :
{0,1} — {—=1,41}. Then these bits are modulated by
antipodal signals transmitted over an additive white
Gaussian noise (AWGN) channel where the noise is
expressed as a Gaussian random variable with zero
mean and o2 variance, N(/,0€).

Let @ = (c1,c¢2,...,cn) be the output codeword of
the encoder, & = (x1,x2,...,x,) the modulated vec-
tor signal, ¥ = (r1,r9,...,r,) the received vector sig-
nal and 7 = (n1,na,...,n,) the noise vector. Then,
the modulated and the received vector signals can be
described as:

F =2xé-1 (1)
and
Fo=d 4. (2)

Let ¥ = (7,7%2,---,7n) be the log-likihood vector,
7= (y1,Y2,--.,yn) the hard-decision vector and 3 =
(81,52, - -, 0n) be the reliability measurement vector
of the hard decision 3. The ith log-likelihood can be
calculated from:

Pr(rilc; =1)
i = log5————
7 °8 Pr(r;|c; = 0)
_ 1 2 2
T 9% o2 [(ri +1) (ri — 1)7]
- Lori=1,2...,N (3)

where L is a positive constant.

Bi = |l (4)
The hard-decision on the ¢th received data is given by:

o 1 i Z 0
YZl0 m<o
2.2 Maximum Likelihood Decoding Cri-

terion

Let P be the codebook of C' and the maximum
likelihood decoding formula for linear block codes over
AWGN channel can be formulated as:

Copt = argvrcz}ienp [2x & —1—7 (5)

where || - || is the norm operation applied to vectors.
This formula can be further simplified [10] as:

Eopt = arg VI_I}iHP L(é?’ F) (6)
cle
L@ n= > 6 (7)

Vi,c{ #r;

Clearly, without any specific method to decide
whether a codeword is the optimal one, then the only
solution is to compare all possible codewords and se-
lect the one that has the minimum FEuclidean distance
to the received vector . This exhaustive search re-
quires extensive computational resources which is not
practical for large values of n.

2.3 Basic Properties of Linear Block
Codes with Algebraic Decoder

In this section, the basic properties of linear block
codes to find the optimal codeword are described. The
proof of Theorems and Lemmas are omitted due to
space limitation and details can be found in [14]. Let
|-| be the operation to calculate the cardinality of a set
and also the absolute value of a scalar, i.e., U = {i|i =
1,2,...,n},|U| = n. For any two binary vectors of
length n, define two sets Sq;ff(d, b) = {ila; # b;, Vi €

U} and Sequar(@,b) = {ila; = b;,Vi € U}. Clearly,

=,

U= Sequal (d; b) + Sdiff (67 5)

Lemma 1 For any two binary codewords éi,éj €
Pi # j , and arbitrary binary vector Z, one has
1Saif 1 (C, Z)| + |Sequat(C, Z)| > d, where d is the
minimum hamming distance of the code.

Lemma 2 For any codewords éi,éj,ék,i #* k,j #
k, arbitrary binary vector Z, let mg = |Sqiff(C", Z)|
and my = |Sdiff(éj,2)| , one has

Gy L L e <2,
|Sdlff(c aZ)| >{ 0’ mo 22-d—m1

Now we assume that an algebraic decoder capable
of correcting up to 7 ( 7 < t ) exists and codeword
C0 is the output codeword when the hard-decision
vector ¢ acts as the input of the algebraic decoder.
For simplification, we use Sqifs(&) = Sairs(d,¥y) and
Sequal(@) = Sequat(@,¥) in the following discussion.
Let mo = |Saisr(C°)| < d and we reorder the elements
in set Sequai (60) according to their reliability value as:
B (@)1 S B8t (@)s = = By (GO iy

An effcient criterion to decide whether a codeword
is the optimal one is presented in [12] and it can be
expressed by the following theorem:



Theorem 1 For any codeword ci, if it satisfies

o d—[m’°+sdiff(éj)J
L(CY,7) < i :
the optimal codeword.

ﬁS&qual(éO)” then Zt ZS

Let’s arrange elements in set U based on their re-
liability values to form a new vector & with (., <
Bay < -+ < Ba,- Then by looking over the first m po-
sitions in @ and generating all possible error patterns
in these m positions and applying those error patterns
to hard-decision vector ¢, one can generate a test set,
say E,, . Let S, be the set of output codewords
when F,, is the input to the algebraic decoder. Ob-
viously, £y € F2 C --- C Ep, 51 €S2 C -+ C Sy,
and if m > n — 7, then S, will include the optimum
solution. Kaneko shows [10] that if m is chosen to be
sufficiently large, S,, will include the optimal code-
word and is suffient to perform the optimal decoding.
We define such kind of set to be sufficient set and m
to be the order of this sufficient set. Also Kaneko [10]
presents a way to calculate m from any codeword ék,
that is:

Theorem 2 For any codeword C_"k', if m € U satisfies

. _ mo+Saifp(CF)
LChP < ST

Z::ll Boimssys then Sy is a sufficient set to perform
optimal decoding.

—_—

ﬁsequa,l(c_:o)i +

3 Proposed Algorithm

3.1 Stage 1: Minimum Sufficient Set &
Estimation

With above discussions, we already know that if .S,,
is a sufficient set, then we can restrict our decoding to
S without sacrificing any performance. Since if Sy,
is a sufficient set, for any set S,(n > m) it is also
a suffcient set. Obviously, there exists a smallest m
that makes set S,, a sufficient set and we define this
set to be the minimum sufficient set and it is denoted

Theorem 3 The minimum sufficient set Spmin s the
set Sy, where one error happens at position o, and
there are exactly T errors out of m least reliable posi-
tions.

Following from the properties of ordered statistics
[5, 13], the probability for Sas to be the minimum suf-
ficient set will be decreased quickly as M increases. In
general, the average number for M is relatively a small
number [14]. With the restriction of decoding into Sar,
one can greatly reduce the decoding complexity.

However, without evaluating the whole codewords,
one can not tell the exact value of M. But Theo-
rem 2 gives us an efficient way to estimate a sufficient
set from a codeword. The closer is the codeword to
the optimal one, the closer the estimation. We com-
bine the power of algebraic decoder and ordered statis-
tics to get a better estimate of the minimum sufficient
set. Actually, Chase-IIT algorithm [3] and 1-OSD al-
gorithm [5] are combined together to get a codeword
near the optimal one and thus give a better estimate.
This codeword is obtained by examining all codewords
produced by these two algorithms and choosing the
one that has the minimum Euclidean distance to the
received vector 7. With the codeword in hand, then
Theorem 2 can be used to give an estimate of order
of the minimum sufficient set. These two algorithms
both have relative low computational complexity and
there will not be much overhead in the whole decoding
complexity.

3.2 Stage 2: Ordered Processing & Per-
formance Analysis

After the first stage of processing, one already has
an estimated minimum sufficient set S , order M and
the corresponding test set E. Also we know that the
test set E is generated by considering all possible er-
ror patterns in the M least reliable positions. Similiar
to the order-i processing in [5], we define the order-i
processing as all possible error patterns with up to ¢
errors. Specifically, Order-i processing applies those
error patterns to get a subset E; of F and an alge-
braic decoder is used to decode all test codes in E;.
Among codewords produced by E;, the one that has
the minimum Euclidean distance to the received vec-
tor 7 is chosen as the output. Also in the Ordered pro-
cessing, whenever the Euclidean distance between the
estimated codeword and the received vector is com-
puted, Theorem 1 is used to stop the search if the
optimal codeword is found.

Theorem 4 By eramining test code in E that are
generated by error patterns of error number less or
equal to i, Order-i processing can correct up to (i +7)
errors. In particular, Order-(d — 1 — T) processing can
correct up to (d — 1) errors and achieve the perfor-
mance of Chase-I [3] algorithm.

Using the union bound, the block error rate after
Order-i processing can be bounded as:

T4

Peprock(i) < 1= ( :l ) x P x (1 — P,)("=m) (8)

m=0



where P, is the raw bit error rate. Under practical
situation, the processing order ¢ could be determined
based on the desired block error performance and thus
greatly reduces the decoding complexity with slight
performance degradation. It enables a flexible design
with the trade-off between decoding complexity and
performance requirement.

4 Simulation Results

Figure 1 depicts the average complexity require-
ments of our proposed two-stage maximum likelihood
(TS ML) decoding algorithm, Chase-IT algorithm and
Kaneko’s algorithm for a BCH(31,16) code. In this fig-
ure, decoding comlexity of Chase-II algorithm is nor-
malized to 1 and decoding complexity of our proposed
algorithm is drawn based on the normalized coordi-
nates. For Chase-II algorithm, it has fixed complex-
ity requirement irrespective of SNR value. Decoding
complexity of our proposed algorithm continuously de-
creases with increase in SNR and its decoding com-
plexity is well below Chase-II algorithm and Kaneko’s
algorithm at all simulated SNR regions.

Figure 2 demonstrates error performance of our
Order-2 TS ML algorithm, Chase-II algorithm and 2-
OSD algorithm for a BCH(31,16) code. Our algorithm
achieves performance close to 2-OSD and Kaneko at
all practical BER region. In all simulated SNR re-
gions, our algorithm performs over Chase-II algirithm
wih much lower complexity.

5 Conclusion

In this paper, we present a new optimal decod-
ing algorithm for linear block codes. The decoding
is divided into two stages with distinct objectives.
The first stage is aimed at minimizing the decoding
complexity and the second stage is targeted to ap-
proach the optimal performance. Also the bounded
sub-optimal performance with complexity reduction
can be achieved in the second stage. Through the
two-stage division, this algorithm can achieve optimal
performance with low average complexity. Further in-
vestigation on this algorithm could be made on the
development of efficient estimation algorithm for the
minimum sufficient set and stronger criterion associ-
ated with the maximum likelihood decoding.
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Figure 1: Complexity Comparison: Average number
of decoded codewords
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Figure 2: Performance Comparison for BCH(31,16)



